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The concept of measure synchronization between two coupled quantum many-body systems is
presented. In general terms we consider two quantum many-body systems whose dynamics gets
coupled through the contact particle-particle interaction. This coupling is shown to produce measure
synchronization, a generalization of synchrony to a large class of systems which takes place in
absence of dissipation. We find that in quantum measure synchronization, the many-body quantum
properties for the two subsystems, e.g., condensed fractions and particle fluctuations, behave in
a coordinated way. To illustrate the concept we consider a simple case of two species of bosons
occupying two distinct quantum states. Measure synchronization can be readily explored with
state-of-the-art techniques in ultracold atomic gases and, if properly controlled, be employed to
build targeted quantum correlations in a sympathetic way.
PACS numbers: 05.45.Xt 03.75.Kk 03.75.Lm
I. INTRODUCTION
Since its discovery by Huygens when observing coupled
pendula in the 17th century [1], synchronization has been
described in physics, chemistry, biology and even social
behavior [2–4], becoming a paradigm for research of col-
lective dynamics. It has been thoroughly studied in clas-
sical nonlinear dynamical systems [5], and extended to
chaotic ones [6]. Only recently synchronization has been
studied in quantum systems, e.g., two coupled quantum
harmonic oscillators [7], a qubit coupled to a quantum
dissipative driven oscillator [8], two dissipative spins [9],
and two coupled cavities [10]. Last year, connections be-
tween quantum entanglement and synchronization have
been discussed in continuous variable systems [11, 12].
A decade ago, Hampton and Zanette introduced a new
concept termed measure synchronization (MS) for cou-
pled Hamiltonian systems [13]. They found that two cou-
pled Hamiltonian systems experience a synchronization
transition from a state in which the two subsystems visit
different phase space regions to a state in which “their
orbits cover the same region of the phase space with iden-
tical invariant measures” [13]. The control parameter is
the coupling strength between the two subsystems.
The key difference between MS and conventional syn-
chronization is that MS takes place in absence of dissipa-
tion. In standard synchronization dissipation plays a key
role, as it is responsible for the collapse of any trajectory
of the system in phase space. For coupled Hamiltonian
systems, phase space volume must be conserved follow-
ing Liouville’s theorem, thus preventing the collapse of
any trajectory in phase space. In the case of MS, two
coupled Hamiltonian systems become synchronized when
they cover the same phase space domain, without requir-
ing that the synchronized systems have the same evolu-
tion trajectories.
In this article we introduce measure synchronization,
a concept up to now only considered in a classical frame-
work, into the quantum many-body regime. First ex-
ploratory studies of measure synchronization in quantum
systems have been done in different contexts, i.e., MS
has been discussed in coupled Hamiltonian systems asso-
ciated with nonlinear Schro¨dinger equations [14]; also,
MS transitions have been revealed on meanfield theo-
ries describing condensed bosonic quantum many-body
systems [15–18]. However, it is worth stressing that in
the above cases the dynamical variables describing these
quantum systems are classical, i.e. quantum fluctuations
are neglected, a reasonable approximation in bosonic sys-
tems which are fully condensed [19]. This made the corre-
spondence between the classical MS concept introduced
in Ref. [13] and the MS studies of these quantum systems
straightforward. So conceptually, measure synchroniza-
tion discussed in these contexts remained classical. Here,
we tackle the problem in a fully many-body quantum me-
chanical way. A major conceptual difference is that, in
the general case we need to identify quantum many-body
observables which allow us to characterize MS-like behav-
iors provided the very definition of the area covered by
each subsystem in phase space is absent.
We consider two quantum many-body systems
(QMBS) which are coupled through a local interac-
tion term. Our main finding is that we characterize a
crossover behavior from non-MS to MS in the evolution
of the quantum many-body properties of the subsystems.
This implies that two QMBS, which if non coupled would
develop different quantum correlations, will, if sufficiently
coupled, have similar condensed fractions, particle fluctu-
ations, etc. This is an effect which will affect the behavior
of future QMBS and quantum simulators, and which, if
properly controlled, can be employed to share or to in-
duce quantum correlations between different degrees of
freedom in the system. MS is a dynamical feature which
we will show to appear in the evolution of QMBS. It de-
scribes how, under certain premises, the dynamics of two
weakly coupled quantum subsystems becomes coherent
2after a short transient time. MS describes how two sub-
sets of a QMBS will evolve in a collective way, exchanging
energy during the full evolution, exploring similar aver-
age values of relevant observables and developing similar
quantum correlations.
It is worth emphasizing that our ability to under-
stand and utterly control quantum correlations in QMBS
is the key to producing powerful technological applica-
tions. A notable recent example is the case of pseudo-
spin squeezed states [20], which can be produced in
bosonic Josephson junctions [21]. In this case, produc-
ing fragmented ultracold gases is shown to notably raise
the precision achievable in quantum metrology experi-
ments [22, 23]. These applications will become a reality
in the near future thanks to the miniaturization of ultra-
cold atomic systems [24]. As shown here, MS can be used
to transfer, or sympathetically produce, fragmentation in
one subsytem of the QMBS which can, for instance, im-
prove interferometric signals.
The article is organized in the following way. In Sec. II
we describe the many-body Hamiltonian. In Sec. III we
present our results, concerning the onset of MS and how
it shows in the many-body properties of the system. In
Sec. IV we sketch an experimental implementation with
ultracold atomic gases. A summary and conclusions are
provided in Sec. V.
II. MANY-BODY HAMILTONIAN
To illustrate the many-body quantum MS we consider
the simplest implementation we can think of. These are
two different kinds of bosons, A and B, populating solely
two quantum states, L and R. We will consider a linear
coupling between the two quantum states and contact
interaction for AA, AB, and BB bosons. The many-
body Hamiltonian considered for NA and NB atoms in
two modes is,
Hˆ = HˆA + HˆB + HˆAB, (1)
where
HˆA =
UA
2
[
(aˆ†LaˆL)
2 + (aˆ†RaˆR)
2
]
− JA(aˆ†LaˆR + aˆ†RaˆL)
HˆB =
UB
2
[
(bˆ†LbˆL)
2 + (bˆ†RbˆR)
2
]
− JB(bˆ†LbˆR + bˆ†RbˆL)
HˆAB = UAB(aˆ
†
LaˆLbˆ
†
LbˆL + aˆ
†
RaˆRbˆ
†
RbˆR) . (2)
aˆ†
L(R) (aˆL(R)) and bˆ
†
L(R) (bˆL(R)) are creation (annihila-
tion) operators for the single-particle modes L or R of
the two species. The terms proportional to JA(B) are
the linear coupling terms, which in absence of any in-
teraction would induce periodic Rabi oscillations of the
populations between the states L and R. UA, UB, and
UAB measure the AA, BB, and AB contact interactions.
The UAB term is the only one coupling the dynamics of
the A and B subsystems, and will be responsible for the
MS between both of them.
The Hamiltonian can be numerically diagonalized
in the ND = (NA + 1)(NB + 1) dimensional space
spanned by the many-body Fock basis tensor product
of the A and B Fock states, e.g., for the A, |NA,L〉 ≡
1/
√
NA,L!NA,R! (aˆ
†
L)
NA,L(aˆ†R)
NA,R |vac〉, with NA,L =
0, . . . , NA and NA,R = NA − NA,L. The most general
N -particle state can be written as
|Ψ〉 =
NA∑
NA,L=0
NB∑
NB,L=0
cNA,L,NB,L |NA,L, NB,L〉 . (3)
The time evolution of any given initial state is gov-
erned by the time dependent Schro¨dinger equation,
i ~ ∂t|Ψ(t)〉 = Hˆ |Ψ(t)〉. Once we have computed the
many-body state, we can obtain average particle num-
bers on modes L and R, 〈NA,α〉 = 〈Ψ|aˆ†αaˆα|Ψ〉, 〈NB,α〉 =
〈Ψ|bˆ†αbˆα|Ψ〉, with α = L,R. The imbalance of popula-
tion for each species is defined as ZA(B) = (NA(B),L −
NA(B),R)/NA(B).
To characterize the degree of condensation of each sub-
system, A and B, at any given time we will make use of
the one-body density matrix, ρ [25]. For a state |Ψ〉 it
is defined as, e.g., for species A, ρAij = 〈Ψ|ρˆAij |Ψ〉, with
ρˆAij = a
†
iaj , and i, j = L,R. The traces of ρ
A and ρB
are normalized to the number of atoms in each subsys-
tem, NA and NB. The two normalized eigenvalues (di-
vided by the total number of atoms NA) are na1(a2), with
na1 ≥ na2 ≥ 0. We always have na1+na2 = 1. The larger
eigenvalue is also called the condensed fraction. Similar
definitions are used for species B.
A way to characterize the transition from non-MS to
MS dynamics in classical systems is by looking at the
time average of the energies of subsystems A and B [15,
18]. In MS dynamics, both subsystems cover, with equal
density, the same phase space domain, which reflects on
equal long-time averages of the energies of the subsystems
defined as
E¯A(B) =
1
T
∫ T
0
EA(B)(t) dt , (4)
where the expectation values of the energy for each sub-
system A (and B) at time t are EA(t) = 〈Ψ(t)|HˆA|Ψ(t)〉,
and EB(t) = 〈Ψ(t)|HˆB |Ψ(t)〉, with |Ψ(t)〉 the evolved
quantum state.
III. RESULTS
We set both intraspecies interactions to be the same,
i.e. , U ≡ UA = UB, with NU/J = 7.2, and also choose
equal linear couplings, J ≡ JA = JB. We take as a unit of
time the Rabi time, tRabi = pi/J , and as a unit of energy,
~/tRabi. Our initial states will in all cases be coherent
states for both the A and B species, in which all atoms
populate the single particle state (1/
√
2)(cos θ/2 aˆ†L +
sin θ/2 a†R) [with initial population imbalance, Z(0) =
3FIG. 1: (Color online) Measure synchronization. Quan-
tum many-body measure synchronization characterized by
the domain covered during the evolution of each subsystem
on the 3D space defined by the average value of the pseudo-
angular momentum, jx ≡ (2/N)〈Jˆx〉, jy ≡ (2/N)〈Jˆy〉, and
jz ≡ (2/N)〈Jˆz〉 for species A (red) and B (green). (a)
UAB = 0 (non-MS), (b) UAB = 0.008 U (non-MS), and
(c) UAB = 0.5 U (MS). In panel (c) the two clouds over-
lap. ZA(0) = 0.2, ZB(0) = 0.4, and NA = NB = 30. In all
panels the points correspond to periodic moments within one
time evolution, we show them as dots, instead of a continuous
line, to avoid one of the species hiding the other one.
cos θ]. These states will evolve under the action of the
many-body Hamiltonian. We will look for a transition
from non-MS to MS in the collective dynamics of the
many-body state as we vary the interspecies interaction
strength UAB.
The transition from non-MS to MS dynamics is shown
in Fig. 1. We plot the average value of the pseudo-
angular momentum operators which can readily be con-
structed from the creation and annihilation operators
of each species [19], Jˆx = (1/2)(aˆ
†
LaˆR + aˆLaˆ
†
R), Jˆy =
1/(2i)(aˆ†LaˆR − aˆLaˆ†R), Jˆz = (1/2)(aˆ†LaˆL − aˆ†RaˆR). In our
conditions, fixed NA and NB, these operators build the
symmetric representation of SU(2) of dimension NA + 1
and NB+1. As shown in the three-dimensional (3D) fig-
ure, in the non-MS cases, UAB = 0 and UAB = 0.008 U ,
the domains of (〈Jx〉, 〈Jy〉, 〈Jz〉) explored by each sub-
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FIG. 2: (Color online) From non-MS to MS. Long-time
averaged energies, Eq. (4), for the two species E¯A (solid) and
E¯B (dashed) as a function of UAB . MS dynamics corresponds
to equal averages, E¯A = E¯B . ZA(0) = 0.2, ZB(0) = 0.4, and
NA = NB = 30. In the insets we depict EA(t) and EB(t) for
two specific values of UAB/U = 0.008 (a) and UAB/U = 0.5
(b). The two values are marked with arrows in the main
figure. T = 1000 tRabi. The green and blue lines correspond
to the classical prediction of Ref. [18].
system are disjointed. In the MS case, however, both do-
mains completely overlap. This feature can be regarded
as the many-body counterpart of the classical definition
of MS, in which the phase space domain covered by both
subsystems is the same.
In classical systems MS implies that both subsystems
have similar long-time averages of their energies. Im-
portantly, the non-MS to MS transition in classical sys-
tems is discontinuous, which allows one to define a critical
point to characterize the dynamical phase transition [13].
This is seen in Fig. 2, where we depict the average en-
ergy 〈EA〉 and 〈EB〉 as a function of the interspecies in-
teraction UAB, with E¯A = E¯B characterizing MS. The
classical results [18], depicted in green and blue, fea-
ture the known discontinuity. In the many-body case
the situation is different; the dynamical phase transition
is replaced by a crossover behavior, therefore no critical
point can be unambiguously defined. There is no critical-
ity which involves logarithmic singularity in the quantum
measure synchronization as compared with classical the-
ory of measure synchronization [15, 18]. Also note that
in the many-body case, MS appears at higher values of
UAB as compared to the classical transition. The inset
in Fig. 2 shows the behavior of EA(t) and EB(t) for the
two different regions. In the MS case, the two subsys-
tems exchange energy in such a way that their energies
oscillate around the same average value maintaining an
almost constant sum. In the non-MS dynamics, the ener-
gies of the subsystems are never fully exchanged, and A
has always more average energy than B. For different ini-
tial conditions, particle numbers, and parameters NU/J
we obtain a similar picture (see Appendix A), the main
difference being the size of the MS and non-MS regions.
4Now we concentrate on the evolution of the many-body
properties of both subsystems. In Fig. 3 we consider
the same initial state and two values of UAB, 0.008 U
and 0.5 U , giving rise to non-MS and MS, respectively.
Figure 3, panels (a) and (b) show the population im-
balance between the two quantum states (L and R) for
each subsystem. The quantum many-body evolution be-
comes apparent, with characteristic collapse and revival
dynamics [26]. This collapse and revival dynamics has
been addressed for single component junctions [27, 28]
and it can be understood in finite systems due to the
finite number of frequencies entering in any dynamical
evolution in the system.
We note that before reaching MS, the dynamics of the
two subsystems is different both in the amplitude of the
oscillation and on the times for collapses and revivals. Af-
ter reaching MS, the times for collapses and revivals are
the same. This striking feature provides a way to charac-
terize quantum measure synchronization in the rhythms
of the coupled Hamiltonian systems. Furthermore, we
note that the oscillating amplitude for the two subsys-
tems will be the same once MS is achieved, which is a
feature that also shows in classical measure synchroniza-
tion states [17].
A crucial feature of quantum many-body bosonic sys-
tems is the appearance of correlations stronger than those
present in Bose-Einstein condensed clouds. An initially
condensed system loses condensation during the evolu-
tion, and becomes fragmented [29] [see panels (c) and
(d). This fragmentation also takes place if there is no
coupling between the subsystems [25]. Interestingly, in
the MS dynamics, the condensed fraction of both subsys-
tems gets clearly correlated after a very short transient
time, having the same envelope of the oscillation ampli-
tudes, which is a key feature of MS. This feature is found
with all particle numbers studied NA = NB ≤ 80 (see
Appendix A). This similar behavior is also exhibited in
the dispersions of particle differences [Fig. 3, panels (e)
and (f)]. This is of special significance, as this is directly
related to the emergence of cat-like many-body states or
pseudo-spin squeezed states in the evolution [25]. The
latter provide a direct application of this physics to im-
prove our precision measurements [21].
IV. PROPOSAL FOR AN EXPERIMENTAL
IMPLEMENTATION
The aforementioned MS can be studied with state-
of-the-art experimental techniques in ultracold atomic
physics. The almost perfect decoupling of ultracold
atoms from their environment enables the investigation
of the quantum measure synchronization in conservative
systems. We describe a feasible system which can sim-
ulate with good precision the many-body Hamiltonian
in Eq. (1) using trapped ultracold atomic gases [30, 31].
We consider a two-species ultracold atomic cloud trapped
in a symmetric double-well potential. In the weakly in-
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FIG. 3: (Color online) Measure synchronization on the
many-body properties. We compare the properties of both
subsystems A (black) and B (red) as a function of time, for
a non-MS dynamics, UAB = 0.008 U (left panels) and for MS
dynamics, UAB = 0.5 U (right panels). The population imbal-
ances [(a), (b)], condensed fractions [(c), (d)], and dispersion
of the population imbalance σ2Z = 〈Z
2〉 − 〈Z〉2 [(e), (f)]. All
magnitudes show a signature of the difference between the
non-MS and MS dynamics. ZA(0) = 0.2, ZB(0) = 0.4, and
NA = NB = 30.
teracting regime, assuming the atom-atom interactions
are correctly described by a contact interaction, and fol-
lowing similar steps as in Ref. [27], one obtains Eq. (1).
The classical predictions of Eq. (1) have been stud-
ied in Refs. [32–37] and some many-body features in
Ref. [38]. The linear couplings J are proportional to
the energy splitting between the quasidegenerate ground
state of the double-well potential. The atom-atom inter-
action terms, are given by Uσ = (4pi~
2aσ/mσ)
∫ |ϕσ|4dr,
UAB = 2pi~
2aAB(
1
mA
+ 1
mB
)
∫ |ϕA|2 |ϕB|2 dr, where σ
refers to atoms A or B. ϕ are localized single parti-
cle states; the localized single particle states have been
normalized as
∫
dr|ϕ(r)|2 = 1. aσ is s-wave scattering
length between atoms σ, with massmσ. aAB is the inter-
species s-wave scattering length. The scattering lengths
are varied routinely in ultracold atom experiments by
means of Feshbach resonances [39] or confinement in-
duced resonances [40]. A possible specific experimental
implementation could be an external double-well poten-
tial as in Ref. [41] or the double-well inside the quan-
tum chip used in Ref. [42]. It has been shown that two
5mode BECs can be prepared in coherent states exper-
imentally [43, 44]. It would be possible to character-
ize quantum MS by investigating the times of collapses
and revivals for the two species. There are also other
experimental options for consideration, i.e., microcavity
exciton-polaritons system [45], or coupled micropillars
system [46]. Even though ultracold atomic samples are
well isolated from the environment, there is one source of
decoherence which could affect the onset of MS to non-
MS transitions. This is the presence of losses in the sys-
tem. These have been studied in detail for single com-
ponent Josephson junctions, finding a constraint on the
maximum attainable correlation which can be produced
in the junction [47]. A study of the effect of losses on the
MS to non-MS transition falls beyond the scope of the
present article.
V. SUMMARY AND CONCLUSIONS
We introduced the concept of measure synchroniza-
tion in quantum many-body systems. To exemplify the
phenomenon we have considered a two-species bosonic
Josephson junction made of a small number of atoms
which can be experimentally studied in a number of dif-
ferent setups. Importantly, the measure synchronization
occurs at the many-body quantum level, showing how
properties such as the condensed fraction or the fluctua-
tions in particle number of the two species behave coor-
dinately above a certain coupling strength between the
two systems. The findings reported apply to a variety
of quantum many-body systems. An important appli-
cation which can be envisaged is to profit from the MS
described here to build targeted quantum correlations of
certain degrees of freedom in the system in a sympathetic
way. That is, when one can experimentally control and
prepare the quantum correlations in one part of the sys-
tem (e.g. one of the species), this method can be used to
build similar quantum correlations in other parts of the
system which cannot be experimentally controlled (e.g.
the other species). In this MS regime, different parts of
the system will develop similar quantum correlations and
other quantum properties after a short transient time.
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Appendix A: Classical and full quantum descriptions
In this Appendix we analyze, by considering increas-
ingly larger particle numbers, the relation between the
classical and full quantum descriptions. The main in-
terest of the present article is to extend the concept of
measure synchronization to systems which do not accept
a full classical description. Thus, we have emphasized the
effects on the magnitudes which have no direct classical
analog, such as the condensed fractions and the fluctu-
ations of the particle numbers, shown in Figs. 3(c) and
3(d) and Figs. 3(e) and 3(f), respectively. Interestingly,
particle number fluctuations can be measured experimen-
tally and provide a good way of pinning down correlated
states in these systems [21, 43].
To take the classical limit in a meaningful way we will
perform exact numerical simulations for NA = NB ≤ 80,
keeping both J and NU/J = 7.2 constant, and com-
pare to the corresponding classical predictions. As oc-
curred in the case of a usual bosonic Josephson junction,
the most remarkable difference between the classical and
quantal results is the presence of quantum collapses and
revivals in the latter [27]. This can be seen already on
the evolution of the average values of the particle num-
ber imbalances of species A and B. In Fig. 4 we depict
the comparison between the average particle imbalance of
each species reported in Fig. 3 (obtained for N = 30) and
the corresponding classical prediction [18]. Also, this is
one of the signatures that shows that MS can be charac-
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FIG. 6: (Color online) Evolution of the population imbalance
for both species. The upper and lower rows correspond to a
MS and a non-MS situation, respectively. The value of UAB =
0.008 U for non-MS, and UAB = 0.2 U for the MS case. Exact
many-body results for NA = NB = 20 and NA = NB = 80
are given panels [(a), (d)] and [(b), (e)], respectively. Panels
[(c), (f)] contain the classical predictions [18]. ZA(0) = 0.2
and ZB(0) = 0.4.
terized by the rhythms observed in the dynamical evolu-
tion of the two coupled subsystems. In contrast, classical
measure synchronization is characterized by a spatial lo-
calization in the phase space associated to the conjugate
variables describing the imbalance and the phase differ-
ence of each subsystem with no need of synchronization in
the time evolution of the variables of each subsystem [16].
As expected, increasing the number of particles, the
classical predictions better describe the initial behavior
of the quantum ones. In Fig. 5 we present the average
values of the energy of each subsystem as a function of
time comparing the classical results to quantum ones at
NA = NB = 20 and 80. In the MS case (UAB = 0.2U),
panels (a)–(c), the classical result shows quasiperiodic
oscillations for both EA(t) and EB(t). As expected for
the MS case, both subsystems have the same mean en-
ergy, when averaged over long times. This feature is also
present in the quantum calculation, as shown in Fig. 2 for
NA = NB = 30, already for NA = NB = 20, Fig. 5 (a).
In this case the oscillation is clearly damped for times
around 5tRabi, departing from the classical results fairly
early. As the total number of particles is increased to
NA = NB = 80, the time of the first collapse increases
≃ 10tRabi. In Fig. 6 we depict the evolution of the average
population imbalance in both situations, which clearly
shows how the classical result improves the description
of the initial time evolution as N is increased.
In the non-MS situation the classical result departs ear-
lier from the quantal predictions [see Fig. 5(d)–5(f)]. In
this case, the classical case clearly shows different long-
time-averaged values of the energies for each subsystem,
a feature of non-MS. In the quantum results this is also
observed, albeit in this case even for NA = NB = 80
the classical and quantum results differ quantitatively al-
ready for times of the order of 3tRabi. Note the collapses
and revivals inherent to the quantum description make it
difficult to talk about long time averages of the signals.
As discussed above, we find a synchronization of the
fragmentation of the subsystems in the MS case as op-
posed to the non-MS situations. In the classical descrip-
tion this is of course absent, as the subsystems are fully
condensed during the evolution. In the quantum case
even for small number of particles NA = NB = 20 we
find this clear feature [see Fig. 7(a) and Fig. 7(d)]. In
the MS case both subsystems clearly fragment in a syn-
chronized way [Figs. 7(a) - 7(c)] as opposed to the non-
MS case [Figs. 7(d)–7(f)]. Note also that MS produces
more overall fragmentation in the system, as it is the less
fragmented component A, the one that follows the more
fragmented one B. The time scale in which the system
fragments is found to be mostly independent of the num-
ber of particles, for the particle numbers considered. At
t ≃ 10tRabi the maximum degree of correlation is already
built in the system. Also the amount of fragmentation is
found to be almost independent of the particle number
considered, although as expected it decreases slowly with
particle number.
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